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Film-cooling is an active cooling technique that is widely used in conventional gas turbine and rocket engines to

manage heat transfer between hot reacting gases and cooler structural components. It is also a candidate technology

for the thermal protection of scramjet engines, in which combustion occurs under highly compressible conditions.

This paper extends semi-empirical modeling ideas for incompressible wall-jet slot film-cooling to account for both

convective and thermal compressibility effects. The new model shows that the influence of compressibility is

determined by themagnitude of the average convectiveMach numberMc, the total temperature ratio �0 � T0s=T01,

and the flow Mach numberMHS of the highest-speed stream in the film-cooling flow. In general, increasingMc and

decreasing�0 improvesfilm-cooling performance. These predictions are validated via comparisonwith experimental

data in three compressible flow regimes: weakly compressible (Mc, MHS � 0:3 and 0:6 � �0 � 1), moderately

compressible (0:3<Mc,MHS � 1:0, and 0:30 � �0 < 0:60), and highly compressible (Mc,MHS > 1:0, and �0 < 0:3).

The model also resolves disagreements in the literature over the importance of compressibility in film-cooling

problems by showing that compressibility effects can be significant, provided the convective and flowMach numbers

are high enough and the total temperature ratio is low enough.

Nomenclature

A0, A1, A2 = integration constants
a = speed of sound
b = shear-layer (wall-jet) thickness
b0 = film-cooling louver thickness
C0M0

= turbulent mixing coefficient
c = ratio of density in mixing zone I at the transition

point to the coolant-stream density
db=dx = unnormalized shear-layer growth rate
d0, E0, K = empirical constants
Iv = average transverse turbulence intensity
M = Mach number
Mc = convective Mach number
m = mass
R = ratio of the average hot-stream velocity to the

average coolant-stream velocity, U1=Us
S = density ratio, �s=�1
s = louver slot height
T = absolute temperature
U = average fluid stream velocity
x = streamwise distance
x0 = streamwise location of the point of coolant

injection
x1 = streamwise location of the transition point

between the initial and fully developed regions
y = transverse distance
y1 = transverse location of the shear-layer/coolant-

stream interface
y2 = transverse location of the shear-layer/hot-stream

interface
� = ratio of specific heats parameter
� = ratio of specific heats

�0 = normalized shear-layer growth rate
�eff = compressible film-cooling effectiveness,

�T01 � T0aw�=�T01 � T0s�
� = dimensionless static temperature ratio
�0 = dimensionless ratio of coolant to mainstream

total temperature
� = blowing ratio, �sUs=�1U1
� = dynamic viscosity
	 = similarity parameter
� = fluid density

 = dimensionless flow-temperature grouping
� = compressible initial region factor
 = dimensionless temperature ratio
! = dimensionless flow-temperature grouping

Subscripts

aw = adiabatic wall
c = characteristic or convective
comp = compressible
HS = high speed
i = initial
r = recovery
s = coolant stream
0 = stagnation conditions
I = zone I of shear layer
II = zone II of shear layer
1 = hot-gas stream

I. Introduction

F ILM-COOLING is an active cooling strategy involving the
continuous injection of a thin layer of fluid near awall to provide

thermal protection from a hot-gas flow. It is widely used in gas
turbine engines to protect turbine blades and combustor liners and in
rocket motors, in which it is used to protect thrust-chamber walls and
nozzle extensions. Film-cooling is also a candidate technology for
thermal protection in supersonic combustion ramjet (scramjet)
engines. However, achieving efficient film-cooling is extremely
challenging because of the inherently complex geometric and fluid
dynamic environment present inmanygas turbine and rocket engines
[1]. The large velocities and temperature differences present in these
systems suggest that compressibility could have an important
influence on film-cooling effectiveness. Therefore, the objective of
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the current study is to investigate the influence of compressibility on
film-cooling performance.

Over the past 50 years, many experimental, numerical, and
theoretical studies of film-cooling performance under compressible
conditions have been conducted [2–15].However, the results of these
studies are often contradictory and a consensus regarding the import-
ance of compressibility has not emerged. For example, Volchkov
et al. [2] performed a theoretical investigation of the effect of velocity
and temperature compressibility on film-cooling effectiveness by
deriving a film-cooling correlation based on an energy and
momentum analysis of a boundary layer. They compared their results
with experimental data fromDurgin [3] for the film-cooling of a cone
atMach 3.5 and concluded that compressibility effects are very small
and to first order can be ignored in practical calculations. This
conclusion was corroborated by the theoretical work of Repukhov
[4], who transformed the turbulent-boundary-layer equations to
account for the effects of compressibility and nonisothermal condi-
tions on film-cooling performance. He compared his theoretical
predictions with experimental data for the tangential-slot film-
cooling of a flat plate at a coolant injection Mach number of 0.4.
Repukhov found that compressibility effects can be ignored over a
wide range of velocity and temperature conditions. In contrast,
experimental work by Hansmann et al. [5] suggests that compress-
ibility can significantly influence film-cooling performance. Their
investigation of tangential-slot film-cooling of a flat plate in a high-
enthalpy wind tunnel (2000 K < T< 3000 K, 0:5<M< 1:0, air
and helium working fluids) showed that film-cooling performance
strongly depended on the density and velocity ratios (coolant to
mainstream), with higher effectiveness observed as the velocity and
density ratios were increased. Similar results have also been reported
by Pedersen et al. [6], who investigated the effects of large density
differences between the mainstream and coolant stream on the
cooling performance of three-dimensional hole injection over a flat
plate. Their results showed that increasing the density ratio (by
mixing various amounts of helium, carbon dioxide, refrigerant F-12,
and air into the main and film streams) increases the cooling
efficiency. Pedersen et al. also noted that this effect was most
pronounced at large blowing ratios (M> 1), where increases in
effectiveness of greater than 200% were observed.

The present study attempts to sort out these discrepancies by
extending Simon’s [16] semi-empirical incompressible film-cooling
analysis to account for the effects of velocity and temperature
compressibility. The predictions of the resulting compressible film-
cooling model (CFM) are evaluated by comparing them with
experimentalfilm-cooling data [14,17,18] in three distinct compress-
ibility regimes: weak, moderate, and strong. This is followed by an
explanation and discussion of velocity and temperature compres-
sibility effects on film-cooling based on the predictions of the CFM.
Conclusions are then drawn regarding the overall influence of
compressibility on film-cooling performance.

II. Analysis

Figure 1 is a schematic illustration of the wall-jet film-cooling
model proposed by Simon [16]. The figure shows a coolant stream at
a temperature T0s and Mach numberMs being injected near the wall
from a slot of height s. At x0, the coolant stream encounters a hot-gas
stream of temperature T01 (with T01 > T0s), moving at a velocity
M1, whereM1 <Ms. Aweakly turbulent shear layer of thickness b
develops and grows with streamwise distance x at the interface
between the coolant and hot-gas streams. The length of the initial
developing region x1 is taken to be the distance required for the inner
edge of the developingmixing zone, labeled zone I in Fig. 1, to reach
the wall. This region is often called the potential core and the region
upstream of its impingement point has been shown to provide very
effective protection [19].

Following the approach of Simon [16], the adiabatic wall
temperature in the initial region (x < x1),Taw, is assumed to equal the
mean fluid total temperature in zone II (coolant zone) in the
developing region the adiabatic wall temperature is assumed to equal
the mean fluid total temperature in zone I. Hence,

Taw �
�

�T0II; �x < x1�
�T0I; �x � x1�

(1)

The following assumptions are also made:
1) The change in the specific heat with temperature is small.
2) The hot-gas-stream temperature, T1, is constant.
3) Thermal radiation from the hot-gas stream is negligible.
4) The shear-layer growth b is linear.
5) No pressure gradient is present.
Under compressible conditions, the film-cooling effectiveness is

typically defined in terms of the recovery temperature [20]:

�eff �
Tr1 � Taw
Tr1 � Trs

(2)

Since the recovery temperature is usually very close to the stagnation
temperature, it is common practice to approximate the effectiveness
as [21]

�eff �
T01 � Taw
T01 � T0s

(3)

Performing a mass and energy balance on the coolant stream
shown in Fig. 1, following Stollery and El-Ehwany [22], shows that
the film-cooling effectiveness is related to the amount of hot-stream
gas entrained by the coolant stream:

�eff �
_ms

_mf

(4)

Fig. 1 Wall-jet film-cooling model adapted from Simon [16].
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In this expression, _ms is the coolant mass flow rate per unit length,
_ms � �sUss, and _mf is the total mass flow rate of the film per unit
length at any arbitrary x location downstream of the coolant slot exit.
Note that _mf is the sum of both the coolant mass flow rate per unit
length and the entrained hot-gas stream rate per unit length _m0e:

_mf � _ms �
Z
x

0

_m0e dx (5)

Following Juhasz and Marek [23], _m0e is assumed to be directly
proportional to the hot-gas-stream mass flux:

_m 0e � C0M0
�1a1M1 (6)

where C0M0
is an effective turbulent mixing coefficient, which is a

function of the average flowfield turbulence intensity Iv.
Substitution of Eqs. (5) and the definition of _ms into Eq. (4) yields

the correlation

�eff � �1� �x=�s�C0M0
	�1 (7)

where � is the blowing ratio, which is defined as the ratio of the
coolant-stream to hot-stream mass flux:

�� �sMsas=�1M1a1 (8)

Equation (7) gives the functional form for a basic turbulent film-
cooling correlation. It shows that film-cooling effectiveness
decreases with increasing streamwise distance, with decreasing
blowing ratio, with decreasing slot height, and with increasing
turbulence intensity.

The turbulentmixing coefficientC0M0
is defined following Simon’s

[16] approach in terms of a turbulent mixing coefficient CM0
and a

turbulent diffusion parameter � :

C0M0
�
CM0
� ��x=�s��1
1� � (9)

The parameter � in Eq. (9) accounts for turbulent diffusion from
zone I to zone II in the initial region (x < x1) only and �� 0 in the
developed region (x � x1). The turbulent diffusion parameter is
given by

�� fCM0
�x=�s� � �x=x1� � E0I



v;s�T0s=T0awx�x1 �

� Ln�1=�1 � x=x1�	g
�
Tawx�x1 � Taw
T01 � T0s

�
(10)

where E0 is an empirically determined constant.
Continuing in an analogous manner to Simon [16], we find an

expression for C0M0
in terms of CM0

and � by assuming that CM0
is a

function of the shear-layer entrainment rate db=dx. This growth rate
can be directly related to Iv by using Abramovich’s [24] empirical
assumption that db=dx is proportional to the perturbation component
of the fluctuating hot-gas-stream velocity v0i. This leads to

CM0
� db=dx� d0v

0
i

uc
(11)

where d0 is an empirical constant and uc is the characteristic velocity
of the shear layer given by

uc �
Z
y1

y2

�u dy

�Z
y1

y2

� dy (12)

An approximate expression for uc can be obtained by using a
weighted average between the two streams as proposed by
Yakovlevskiy [25]:

uc �
�1a1M1 � �sasMs

�1 � �s
(13)

Substituting Eq. (13) into Eq. (11), simplifying by noting that
Iv � v0i=M1a1, and incorporating Eq. (8) yields an expression for
CM0

, which, can be written as

CM0
� d0�Iv
�K (14)

In this expression, K is an empirically determined constant, 
 is a
dimensionless flow-temperature parameter developed by Simon
[16], and Iv is the overall average transverse turbulence intensity; 

and Iv are given by


 � �1� 1=��=�1� �� (15)

Iv � Iv;1 � 0:4�jIv;1 � Iv;sj� (16)

where � is the temperature ratio, which is defined as the ratio of the
coolant to hot-stream static temperature Ts=T1. Iv;s is the initial
average transverse coolant-stream turbulence intensity, and Iv;1 is
the initial average transverse turbulence intensity of the hot-gas
stream. Iv is based on a turbulent correlation obtained from Ko and
Liu [26], which has the constraint that Iv cannot be greater than either
Iv;1 or Iv;s.

The final step in the development of a useful compressible film-
cooling model is determining the location of the transition point
between the initial and fully developed regions, x1, that appears in
Eq. (10). This is typically referred to as the impingement or
persistence length. From the geometry of the shear layer in Fig. 1,

x1 � x�s=y1� (17)

where y1 is the shear-layer/coolant-stream interface position.
Since the shear-layer thickness is given by b� y1 � y2, and the

turbulent mixing coefficient CM0
is related to the shear-layer growth

rate by CM0
� �b � y1�=x, Eq. (17) can be rewritten as

x1 � ��CM0
=s��y1=y2�	�1 (18)

Abramovich’s [24] semi-empirical theory of turbulent compressible
shear layers is used to determine y1=y2 in Eq. (18). Abramovich
showed that the growth rate db=dx for a compressible shear layer
formed between two coflowing streams at different Mach numbers is
given by

d b=dx��c=2�1 � R��1� �S�=�1� R �S� (19)

where R is the ratio of the average hot-stream velocity to the average
coolant-stream velocity (i.e., R�M1a1=Msas), and c is a growth-
rate constant, which is a function of the density ratio between the two
streams. The negative sign is taken whenR > 1 and corresponds to a
core-driven film. S is the ratio of the average hot-stream to coolant-

stream density, �S� �1=�s. It can be expressed in terms of the
coolant injection Mach number referenced at sonic conditions [27]
M
s as

�S� 
�0�1 � �sM
2s �
�1 � �sM
2s �0�
R2� (20)

Here, �0 is the coolant to hot-stream total temperature ratio (�0�
T0s=T01), �s � �s � 1=�s � 1, and �� ���1 � 1�=��s � 1�	��s=
�1�, and 
 is the ratio of molecular weights of the two streams
(
 �MW1=MWs).

Substituting Eq. (20) into Eq. (19) yields the following expression
for the shear-layer growth rate:

d b=dx��c=2�1 � R� �1 � �sM

2
s �0�
R

2� � 
�0�1 � �sM
2s �
�1 � �sM
2s �0�
R2� � 
�0R�1 � �sM
2s �

(21)

Equation (21) shows that the growth in the compressible shear-layer
thickness is solely a function of the velocity ratio, total temperature
ratio, and chemical composition of the two mixing streams and that
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the shear-layer thickness varies linearly with streamwise distance.
Integrating Eq. (21) and performing a mass and momentum balance
on the two streams gives an expression for y1=b. Abramovich [24]
did this for the case when �0 � 1 and both streams are of identical
chemical composition yielding the following result:

y1=b� A0 � 2A1 � A2 � R�A1 � A2� (22)

The parameters A0, A1, and A2 in Eq. (22) are defined in terms of
dimensionless density and velocity ratios �=�s�	� and U=Us�	�:

A0 �
Z

1

0

��	�=�s d	 (23)

A1 �
Z

1

0

��	�=�sU�	�=Us d	 (24)

A2 �
Z

1

0

��	�=�s�U�	�=Us�2 d	 (25)

Abramovich [24] assumed that the velocity and temperature
(density) profiles across the shear layer are universal and can be
expressed in terms of a similarity parameter 	, given by

	� �y � y2�=b (26)

The functional forms for both the velocity and temperature profiles
through the shear layer were selected based on empirical measure-
ments. Schlichting’s [28] law of 3=2 was assumed for the velocity
profile, whereas a linear distribution was assumed for the temper-
ature profile, based on an empirical formulation by Zhestkov (as
reported by Abramovich [23]). These assumptions led to the
following expressions for the variation of the velocity and density
through the layer in terms of the similarity coordinate:

U�	�=Us � �1 � 	3=2�2 (27)

�

�s
�	� � 1 � �sM
2s

1 � �sM
2s �1 � U�	�=Us�	��1 � R�	2
(28)

In the problem of interest here, where the total temperature and
chemical composition also vary through the layer, an analogous
analysis shows that Eq. (28) should be replaced by

�

�s
� 
�	��0
�1� ��0 � 1�		

�
1 � �sM
2s

1 ���	�
�	��0�sM
2s �1�U�	�=Us�	��1�R�	
2

1���0�1�	

�

(29)

where ��	� � ���	� � 1=�s � 1���s=��	��, and 
�	� �MW�	�=
MWs.

Assuming that the composition, like the temperature, also varies
linearly through the layer [i.e.,��	� and 
�	� are linear functions of
	] leads to the following expression for the density ratio:

�

�s
� �1� ’�	�	�0
�1� ��0 � 1�		

�
�

1 � �sM
2s
1 � �1�1=�s� �	�

1� �	� 	�1� ’�	�	�0�sM
2s
�1�U�	�=Us�	��1�R�	2

1���0�1�	

�
(30)

where ’�	� � �	 � 1��1 �MW1=MWs� and  �	� � �	 � 1��1�
�1=�s�. Equations (30) and (27) are substituted into Eqs. (23–25) but
does not yield an expression that can be integrated analytically.
Therefore, a numerical approach will be explained in the next
section.OnceA0,A1, andA are found, Eq. (22) is rearranged to obtain
an expression for y1=y2 [recall that b� y1 � y2 (see Fig. 1)]:

y1=y2 � f�1� 1=c�A0 � 2A1 � A2 � R�A1 � A2�	g�1 (31)

As in Simon [16], c is defined to be a function of thefluid density ratio
in mixing zone I at the impingement point. Since the pressure is
constant across the layer and the chemical composition is assumed to
be uniform, the density ratio is given by

c� �T0s=Tawx�x1�
�
1� � � 1

2
M2
s

��1
(32)

Equations (31) and (32), combined with Eqs. (7–10), and (18) form a
CFM that is valid for both homogeneous and heterogeneous wall-jet
film-cooling in the absence of a pressure gradient under compressible
flow conditions.

III. Numerical Integration Procedure

The integrals in Eqs. (23–25) are approximated using an N-point
Gauss–Legendre quadrature rule [29]:

Z
1

0

f�x� dx� 1

2

XN
i�1

wif

�
1

2
xi �

1

2

�
� Rn (33)

where f�x� is the function being integrated, xi are the ith roots of
orthogonal Legendre polynomials Pn�x�, wi are the weights for
i� 1; . . . ; N such that wi � 2=��1 � xi�2�P0n�xi��2	 and Rn is the
residual. Here, P0n�xi� is the derivative of the Legendre polynomial
with respect to x. This quadrature method was selected because it is
typically more accurate than other methods for the same number of
function evaluations and because it converges quickly [30].

Figure 2 shows the residuals associated with A0, A1, and A2 as a
function of the number of points used to make the approximation for
theMc � 0:30 test case explored by Ferri et al. [14]. The residual is
estimated following Stoer and Bulirsch [30] as the difference
between the approximation to the integral at a given order n and the
approximation at the order n � 1. In this work, n is chosen to ensure
that the residual associated with each parameter is always less than
1:0 � 10�6. The figure shows that 11 points are sufficient to ensure
convergence for this test case.

IV. Data Sources for Model Parameters

To preserve the analogy to the incompressible model, the values of
the empirical parameters d0, E0, K, Iv;s, and Iv;1, are assumed to be
independent of compressibility. Therefore, they can be inferred by
performing a least-squares analysis tofind the values that produce the
best fit to experimental data. This least-squares approach has been
employed successfully in previous work [31]. Data from three film-
cooling studies were used to select values for d0, E0, and K. These
studies were selected because they reported turbulence intensity

10 20 30 40 50

10-10

10-8
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10-4

10-2

100

n

R
n

A0 Residual

ResidualA1 

ResidualA2 

Fig. 2 Residual Rn as a function of the number of points n associated

with theGauss–Legendre quadrature ofA0,A1, andA2 for theMc � 0:30
case of Ferri et al. [14].
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measurements and covered a broad range of compressible
conditions. Brief explanations of the data and summaries of our
findings (see Table 1) are presented below.

Ferri et al. [14] studied tangential-slot film-cooling in a turbulent
boundary layer using an axisymmetric subsonic wind tunnel. Tests
were performed at three different mainstream Mach numbers: 0.8,
0.6, and 0.4. The total temperature of the main flow was 500 K.
Coolant air was injected over a range ofMach numbers from 0.1 to 1,
at a total temperature of 289 K. Blowing ratios between 0.5 and 1.7
were attained and the average mainstream turbulence intensity, Iv;1,
was measured to be 3.0%. Since no measurement for the average
coolant-stream turbulence intensity Iv;s is reported, it assumed that
Iv;s and Iv;1 are equal. A sensitivity analysis was performed to
determine the influence of the empirical parameters E0, K, and d0.
This analysis showed that the compressible film-cooling model is
insensitive to the value ofEo, so it was simply set to the value used by
Simon [16] of 13.7. The remaining model parametersK and do were
found using a two-variable least-squares analysis to be 0.00653 and
0.080, respectively.

Cary and Hefner [17] reported equilibrium temperature and skin
friction measurements at the surface of a flat plate in a Mach 6
airstream cooled by sonic, tangential-slot injection. Tests were
conducted with a mainstream total temperature of 478 K, coolant
total temperatures between 166 and 311 K, and three different
coolant injection-slot heights: 1.58, 4.78, and 11.1 mm. The average
coolant-stream and hot-stream turbulence intensities Iv;s and Iv;1
were not reported; however, these values were estimated previously
by Luschik et al. [32] using numerical simulations at identical
conditions. Luschik et al. found that setting Iv;s and Iv;1 to
approximately 2%, yielded numerical predictions that agreed well
with the experimental results. A least-squares analysis shows that
choosing K equal to 0.0254 and do equal to 0.155 produces the best
fit between the model and the experimental results.

Cruz et al. [18] reported film-cooling effectiveness as a function of
downstream distance x in a subsonic hot-wind-tunnel facility. The
mainstream velocity and temperature were 20:0 m=s and 431 K,
respectively. Thevelocity and temperature of the coolant streamwere
31:5 m=s and 306 K. Laser Doppler velocimetry measurements
indicated that the average coolant-stream turbulence intensity Iv;s
was 5.0%, and the average hot-stream turbulence intensity Iv;1 was
1.6%. Previous work [31] showed that choosing K equal to 0.8592
and do equal to 0.4950 produced the best correspondence between
the model and the experimental data.

V. Results

A. Quantifying Compressibility Effects

Before examining some of the results obtained from the
compressible film-cooling model, it is useful to present and discuss
three parameters that are commonly used to quantify compressibility
effects. The first is the average convective Mach number Mc first
proposed by Papamoschou et al. [33–35] as a means to correlate
compressibility effects in mixing-layer flows (of which film-cooling
flows are a subset). It is defined as the speed at which a disturbance
propagates in a mixing layer relative to the speed of sound [34] and
can be written as follows:

Mc �
U1 � Us
a1 � as

(34)

where a1 and as are the mainstream and coolant-stream speeds of
sound, respectively. Mixing layers with convective Mach numbers
less than 0.3 are effectively incompressible.

The second is the total temperature ratio �0 � T0s=T01, whichwas
suggested by Abramovich [24] as a means of quantifying thermal
compressibility in mixing layers. Flows with total temperature ratios
near unity exhibit weak thermal compressibility, whereas flows with
total temperature ratios far from unity exhibit strong thermal
compressibility. Only studies in which �0 
 1 are considered here
since hot-gas-stream total temperatures are always equal to or greater
than coolant-stream total temperatures in practical film-cooling
applications.

The third parameter is the Mach number, MHS, of the highest-
speed stream in the film-cooling flow. In practice, this is usually the
mainstream Mach number, but in some cases it can be the coolant-
stream Mach number.

B. Compressibility Regimes

We can identify three distinct compressibility regimes in film-
cooling flows based on the values of the compressibility parameters
defined above. The weak regime corresponds to low convective and
flow Mach numbers Mc and MHS 
 0:3 as well as near-unity total
temperature ratios: approximately in the range 0:6 
 �0 
 1. In this
regime, velocity and thermal compressibility effects are generally
very small to negligible and the flow is essentially incompressible.
The moderate regime corresponds to convective and flow Mach
numbers roughly in the range of 0:3<Mc, MHS 
 1 and total
temperature ratios in the range of 0:30 
 �0 < 0:60. Here, the effects
of thermal and velocity compressibility are present and becomemore
pronounced with increasing convective Mach number and de-
creasing total temperature ratio. The strong compressibility regime
corresponds to convective andflowMach numbers greater than unity,
i.e.,MC;MHS > 1, and to total temperature ratios less than 0.3, i.e.,
�0 < 0:3. In this regime, compressibility effects are expected to be
significant.

In the following subsections, we explore the effects of compress-
ibility on film-cooling performance in each regime by comparing the
model’s prediction of the downstream variation of effectiveness to
those of Simon’s incompressible model (SM) [16] and various
experimental measurements. The values of the model parameters
used in each case are summarized in Table 1. A detailed summary of
Simon’s incompressible film-cooling model has been presented in
previous work [31].

1. Weak Compressibility Regime

Figure 3 shows film-cooling effectiveness as a function of non-
dimensional streamwise distance for a turbulent weakly compress-
ible wall jet, where �0 � 0:71, Mc � 0:015, and M� 0:09. The
mainstream Mach number in this case is 0.05, the coolant-stream
Mach number is 0.09, and the slot height is 4.2 mm. The x symbols
correspond to experimental data from Cruz et al. [18], the solid line
corresponds to the predictions of the SM, and the dashed line
corresponds to the CFM predictions under identical conditions. The
figure shows that under weakly compressible conditions, the
predictions of the CFM, agree to within an average difference of
0.3% with those of the SM. This makes sense, because the CFM!
SM in the limit that Mc, M! 0, since from Eq. (20) T0 ! T. The
CFMmodel also matches measurements by Cruz et al. [18] towithin
a maximum difference of 11.4%. The small difference between the
SM and CFM curves in the near-injection region (x=�s < 40) is due
to the fact that the total temperature ratio is less than unity and
therefore that there is a very weak thermal compressibility effect
present. This causes a slight reduction in the growth of the shear layer
at the coolant/mainstream interface, which pushes the impingement
point further downstream, thereby leading the CFM to predict a

Table 1 Summary of experimental conditions from various film-cooling studies [14,17,18] used to validate the CFM

Study � Ms M1 Mc �0 R S s, m Iv;s, % Iv;1, % d0 E0 K

Ferri et al. [14] 0.50 0.32 0.80 0.30 0.58 3.13 1.57 9:0 � 10�4 3.0 3.0 0.015 13.7 0.28
Cary and Hefner [17] 0.08 1.00 6.00 1.29 0.62 2.91 0.24 11:1 � 10�3 2.0 2.0 0.65 13.7 0.177
Cruz et al. [18] 2.22 0.09 0.05 0.015 0.71 0.64 1.41 4:2 � 10�3 5.0 1.6 0.495 13.7 0.859
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slightly higher effectiveness than the SM. Beyond the impingement
point, the film mixes rapidly, driving the total temperature ratio to 1
and thereby eliminating the difference between the SM and CFM in
the far-field region (x=�s > 40).

2. Moderate Compressibility Regime

Figure 4 shows the variation of film-cooling effectiveness with
nondimensional streamwise distance for a turbulent weakly com-
pressible wall jet, where �0 � 0:58,Mc � 0:31, andM � 0:80. The
coolant-streamMach number is 0.32, and the slot height is 0.89 mm.
The x symbols correspond to experimental data from Ferri et al. [14],
the solid lines correspond to the predictions of the SM, and the
dashed lines correspond to the CFM predictions under identical
conditions. The figure shows that the CFM correlates the experi-
mental measurements much better than the SM; the average
difference between the CFM and experiment in the near-slot region
(x=��s�< 75) is 3.0%, compared with nearly 10% for the SM. The
significant improvement in correlation to experimental data
demonstrates the importance of compressibility on film-cooling
performance.

3. Strong Compressibility Regime

Figure 5 shows film-cooling effectiveness as a function of non-
dimensional streamwise distance for a turbulent highly compressible

wall jet with �0 � 0:62, Mc � 1:29, and M � 6:00. Experimental
data from Cary and Hefner [17] is shown using x symbols, while the
solid lines and dashed lines correspond to the predictions of the SM
and the CFM, respectively. The figure highlights the importance of
incorporating compressibility effects when convective Mach
numbers are high and temperature ratios deviate significantly from
unity. The average difference between the CFM and experimental
data is 1.8%, whereas the SM fails completely. Taken together, the
results from Secs. V.B.1, V.B.2, and V.B.3 indicate that compress-
ibility can have important and, in some cases, dramatic effects on
film-cooling performance.

C. Explanation of Compressibility Effects

To understand why compressibility affects film-cooling perform-
ance, we would like to consider the effects of convective and flow
Mach number (i.e., velocity or convective compressibility) as well as
total temperature ratio (i.e., temperature or thermal compressibility)
separately. However, this is complicated by the fact that film-cooling
performance varies with downstream distance. The strategy used
here is to compute the maximum value of the ratio of the com-
pressible-to-incompressible film-cooling effectiveness (which we
will refer to as the nondimensional film-cooling effectiveness) as a
function of convectiveMach number and total temperature ratio. The
results are presented below.

1. Effect of Velocity Compressibility

Figure 6 shows peak nondimensional film-cooling effectiveness
(�eff�comp�=�eff�inc�) and nondimensional impingement length
(x1;comp=x1;inc) as a function of the convective Mach number for
three different total temperature ratios: �0 � 1:00, �0 � 0:50, and
�0 � 0:25. The figure shows that increasing the compressibility (by
increasingMc) increases effectiveness by pushing the impingement
point further downstream, thereby increasing the length of the
protected area. Similarly, decreasing the total temperature of the
coolant stream or increasing the total temperature of the core flow
(i.e., driving �0 farther less than 1) alsomoves the impingement point
downstream, leading to improved film-cooling effectiveness. For the
case in which �0 � 1, it is important to note that �eff�comp�=�eff�inc� and
x1;comp=x1;inc do not equal the expected incompressible value of 1,
because there are still density variations across the layer associated
with the different coolant and mainstream flow Mach numbers.
These are varied between Mach 0.4 and 5.5 to achieve the range of
convective Mach numbers shown in the figure. This highlights the
influence of the high-speed-stream flow Mach number MHS on the
overall velocity compressibility of a film-cooling flow.

The reasons why the nondimensional impingement length
increases with increasing convective and flowMach number and de-
creasing total temperature ratio can be inferred from Fig. 7. Figure 7a
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Fig. 3 Plot of film-cooling efficiency �eff as a function of nondimen-
sional streamwise distance x=��s� for a turbulent wall jet at �0 � 0:71
and Mc � 0:015 as predicted by the CFM and the SM.
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Fig. 4 Plot of film-cooling effectiveness �eff as a function of

nondimensional streamwise distance x=��s� for a turbulent core-driven
film at �0 � 0:58 and Mc � 0:31 as predicted by the CFM and SM.
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Fig. 5 Plot of film-cooling efficiency �eff as a function of nondimen-
sional streamwise distance x=��s� for a turbulent core-driven film at

�0 � 0:62 and Mc � 1:29 as predicted by the CFM and the SM.
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shows the normalized compressible shear-layer growth rate �0comp as a

function of convective Mach number Mc for the same conditions
explored in Fig. 6. Here, the normalized growth rate is computed
by dividing the compressible growth rate defined in Eq. (19) by

the incompressible growth rate, which is computed by setting �S� 1,
in Eq. (19). Figure 7a shows that increasing Mc decreases the
normalized shear-layer growth rate for most values of �o: a well-
established finding in compressible shear-layer theory and exper-
iments [33–35].

Figure 7b shows the variation of unnormalized compressible
shear-layer growth rate db=dxcompwith convectiveMach numberMc.

Decreasing the total temperature ratio decreases the compressible
growth rate, thereby indicating that the shear layer is thinning. This is
why the nondimensional impingement length increases as �0 is
decreased from 1.00 to 0.25. The �o � 0:25 curve shows that for
Mc < 0:25, increasing Mc actually increases the nondimensional
growth rate. This corresponds to a situation in which Ms >M1.
However, it has a negligible impact on film-cooling effectiveness,

because the unnormalized shear-layer growth rate is relatively small
in this region. Taken together, these results suggest that both thermal
and velocity compressibility enhance film-cooling effectiveness and
do so via the same mechanism: thinning of the shear layer formed at
the coolant/hot-gas-stream interface.

2. Effect of Thermal Compressibility

Figure 8 shows peak nondimensional film-cooling effectiveness
(�eff�comp�=�eff�inc�) and nondimensional impingement distance
(x1;comp=x1;inc) as a function of the total temperature ratio for three
different convective Mach numbers: Mc � 0:00, Mc � 0:25, and
Mc � 0:50. Increasing the compressibility (by decreasing �0)
increases effectiveness by thinning the shear layer, which causes the
impingement point to move downstream. Similarly, increasing the
convective Mach number moves the impingement point down-
stream, leading to improvedfilm-cooling effectiveness. Figure 8 tells
essentially the same story as Fig. 6, except thatMc is held fixed and
the total temperature is varied.
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The explanation of Fig. 8 is also analogous to that of Fig. 6.
Figure 9a shows the normalized compressible shear-layer growth
rate �0comp as a function of total temperature ratio �0 for the same
conditions explored in Fig. 8. As before, the increase in non-
dimensional impingement length with decreasing total temperature
ratio is associated with a decrease in the normalized compressible
shear-layer growth rate. Figure 9a also shows that lower total tem-
perature ratios are required to realize compressibility effects when
the convectiveMach number is low. This is evenmore apparent in the
unnormalized growth rates illustrated in Fig. 9b. Taken together, this
explains why the nondimensional effectiveness is maximum at the
lowest total temperature ratio and at the highest convective Mach
number.

D. Use of Compressible Film-Cooling Model to Reconcile Anomalies

Present in Literature

One major challenge in evaluating the importance of compress-
ibility to film-cooling performance is reconciling the apparent

contradictions in the literature mentioned in the introduction. To
recap, Repukhov [4] predicts that compressibility can be ignored
over a wide range of velocity and temperature conditions, whereas
Hansmann et al. [4] predict that it can have a significant effect.Which
is correct? The CFM model shows that both are in fact right. The
reason for this is that the data Repukhov used to validate his
theoretical predictions, despite being associated with a fairly low
total temperature ratio (�0 < 0:4), were taken at convective Mach
numbers close to zero, and at flow Mach numbers, M< 0:4, where
the CFM shows that compressibility effects are weak. In contrast,
Hansmann et al. [5] conducted experiments at convective Mach
numbers in the range 0:3<Mc < 1:0, with flow Mach numbers in
the range 0:1<M < 1:0, and at very low total temperature ratios
(�0 < 0:2) inwhich theCFMmodel predicts compressibility to play a
stronger role. This is illustrated below in Table 2, which compares
Repukhov’s [4] and Hansmann et al.’s [5] experimental conditions
and the respective peak nondimensional film-cooling effectiveness,
predicted using the incompressible and the compressible models.
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Data fromother studies inwhich compressibility is strong (Cary et al.
[17]) and weak (Cruz et al. [18]) are also included for comparison.

VI. Conclusions

The influence of compressibility on film-cooling effectiveness has
been explored by extending Simon’s [16] incompressible wall-jet
film-cooling model to account for the effects of convective and
thermal compressibility. Comparisons with experimental data show
that the newmodel is capable of predicting film-cooling performance
in three different flow regimes: weakly compressible (Mc, MHS 

0:3, and 0:6 
 �0 
 1), moderately compressible (0:3<Mc,
MHS 
 1:0, and 0:30 
 �0 < 0:60), and highly compressible (Mc,
MHS > 1:0, and �0 < 0:3). The model shows that compressibility
influences film-cooling performance by changing the growth rate of
the shear layer between the hot-gas and coolant streams. In general,
increasing the velocity difference (by increasing Mc) and the
temperature difference (by decreasing �0) between themain flow and
the cooling film decreases the growth rate of the shear layer, moves
the wall/shear-layer impingement point farther downstream, and
therefore leads to an increase in film-cooling effectiveness, because
more of thewall is protected. The model also resolves disagreements
in the literature over whether or not compressibility is important in
film-cooling problems: Compressibility effects can be important, if
the convective and flowMach numbers are high enough (greater than
0.3) and the total temperature ratio is low enough (less than 0.6).
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